By cyclic variation of the magnetic field and electric field, we investigate the spin current of a carbon nanotube-based molecular quantum spin pump. At finite frequencies, we calculate the spin current to the second order in pumping amplitudes. In the presence of the magnetic field, a pure spin current without accompanying charge current is generated at zero bias voltage. The photon-assisted process is clearly observed in the spin current.
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Institute of Physics ⌽ DEUTSCHE PHYSIKALISCHE GESELLSCHAFT Figure 1 . A schematic plot of a N-CNT-N pumping device driven by an electric field and a magnetic field simultaneously.
lead [14] or in the presence of a superconducting lead [22] , ac-driven double quantum dots in the Coulomb blockade regime [25] , the carbon nanotube (CNT)-based quantum pump in the presence of a magnetic field [19] , an interacting quantum wire in the Luttinger liquid regime [16] , three-terminal ferromagnet-superconductor-semiconductor structure based on the crossed normal/Andreev reflection [23, 30] . Apart from applying the time-dependent electric potential, the time-dependent magnetic barriers [8, 17] , the rotating magnetic moment or rotating external magnetic field [7, 10, 22] , the oscillating magnetic field [15] , and shining microwave in the presence of non-uniform magnetic field [12] are also used as driving forces to generate the spin current. Finally, the spin-orbit-based (see [47] or [48] ) quantum pump [11, 17, 20, 29] was also found to be a possible method to obtain pure spin current. In this paper, we investigate the generation of a pure spin current using the idea of parametric pumping. In the absence of a spin flip mechanism, the spin current can be defined as the particle current multiplied by the electron spin ±h/2. A pure spin current is produced if an electron with up spin traverses to the left lead while an electron with down spin goes to the right lead so that the total charge current is zero and the net spin current is nonzero. It is well known that the charge is coupled by the electric field and the spin of electron is coupled by the magnetic field. As a result, to drive a spin current, a time-dependent magnetic stripe field can be used as one of the driving forces. Actually, when the magnetic field is present in the lead, the spin-up electron is positively biased and the spin-down electron is negatively biased. Hence a spin current may be produced. This idea can be similarly applied in parametric pumping when the external bias is zero while the system is parametric such that an external magnetic field inside the device is nonzero [13] .
The system we studied is a finite CNT coupled with external leads. Since the original discovery of the CNT, it has been intensively studied both experimentally and theoretically [49] - [57] . The CNT-based parametric electron pump has been investigated as a prototypical nanometre-scale molecular device [40, 46] . Due to the peculiar electronic properties of CNTs [51] - [55] , the CNT-based quantum electron pump shows antisymmetric pumped signals near the many doubly degenerate resonant levels of the finite-length CNT for a wide range of energies [40] . The schematic plot of the device that we used is plotted in figure 1 . Two metallic gates with the same electric potential V 10 = V 20 = V 0 = 2.7 eV are placed near two ends of the CNT between 0.1L to 0.3L (region I) and between 0.7L to 0.9L (region II). Hence, our system is a symmetric open system. 5 To generate spin current, two driving forces, one is 3
Institute of Physics ⌽ DEUTSCHE PHYSIKALISCHE GESELLSCHAFT the oscillating electric potential V I = V p cos(ωt) with frequency ω and another is due to the oscillating magnetic field V IIσ = σµ B B(t) = σµ B B 0 cos(ωt + φ) with a phase difference φ, are added in the scattering region I and region II, respectively. The magnetic field is along the z-direction which is perpendicular to the axis of the CNT (see figure 1) , i.e., B = B(t)ẑ. Finally, the Hamiltonian due to the time-varying parameters can be written as:
Here σ = ±1 for spin ↑↓, i is the potential profile and is set to unity for the region near the gate and zero otherwise. To simplify the discussion, we neglect the spin flip due to the spin relaxation mechanism. We have also neglected the possible spin-orbit coupling in our calculation. Without considering the interaction of electrons in the ideal leads, we start from the standard non-equilibrium Green function expression for the average particle current in the left lead
where τ = 2π/ω is the period of cyclic variation. G r ,G < is the 2 × 2 retarded Green function and the less Green function in spin space. L(R) is the self-energy due to the interaction of the conductor and the left (right) lead modelled using the line width function L(R) [59] . In our calculation, the wide band limit is used and the related line width function is assumed to be spin independent.
In general, a perturbation theory is needed to solve a time-dependent problem [41] . By using the Dyson equation in spin space, the retarded Green function can be expressed as
If we neglect the spin flip during the pumping process, H (t) will be a diagonal matrix with H σ (t) (see equation (1)) the diagonal matrix elements.
is the Green function in the absence of H . So it is also the diagonal matrix and its two diagonal matrix elements for spin up and spin down are the same. In this paper, we only consider the small driving forces and calculate the retarded Green function up to the first order of the pumping amplitudes. Hence, the corresponding average current is up to the second order of the pumping amplitudes.
We extend the integration range of dt in equation (2) to [−Nτ, Nτ] with N → ∞. By taking a double-time Fourier transform, we obtain the following result:
After some algebra and expanding the Green function up to the first order of the pumping amplitudes, the pumped particle current can be obtained at finite frequency and up to the second order in pumping amplitudes as [42] (h = 1) 
where
is the diagonal element of the Green function G 0r (E) when the driving parameters are zero. In the above equations, indices j and j belong to region I and indices m and m belong to region II. For simplicity, we set V 1 = qV p and V 2 = µ B B 0 . Physically, the terms with f − = f(E − w) present the photon-absorption process and the terms with f + = f(E + w) correspond to the photon-emission process. In the calculation below, we set φ = π/2.
From (7)- (10), we obtain the spin-up particle current
and the spin-down particle current is given by
So the total charge current is
and the total spin current is
Now we consider a (5, 5) armchair CNT with 200 unit cells of carbon atoms (total 4000 atoms). We specifically consider situations where the nanotube is well contacted with the electrodes and therefore transport is not in the Coulomb blockade regime. To do that, we apply the wideband limit [59] by fixing the coupling between CNT and electrode L = R = 3.4 eV to make the device transparent during the pumping process. The value of can also be calculated accurately using ab initio techniques [60] . The CNT is modelled by the nearest-neighbour π-orbital tight-binding approach with the bond potential V ppπ = −2.75 eV for the carbon atoms. This tight-binding model is known to give a reasonable, qualitative description of the electronic and transport properties of CNTs [61] . We note that there are many experimental data suggesting that Coulomb interaction in CNTs [53, 62] can be very important and Luttinger liquid theory [8] leads to new and interesting physics. There are still many experimental results showing various physical phenomena for which single electron theory is adequate.
In figure 2 , we plot the total pumped spin current and total pumped charge current as a function of the Fermi energy at zero temperature. For comparison, we also plot the static transmission coefficient as a function of the Fermi energy in the inset of figure 2. For the static case, where driving forces are zero, the finite-sized CNT energy spectrum has many doubly degenerate levels. When the CNT is in contact with external leads, these degenerate levels split, resulting in resonance pairs (see inset of figure 2). From figure 2, the following observations are in order. First of all, since the spin current is generated in the absence of external bias, our device can be used as a spin battery. This happens in the symmetric case (V 1 = V 2 and L = R ). To the second order of driving forces the total pumped charge current is zero, so the pure spin current can be obtained. To understand the physics behind this, we plot I 11 and I 22 as a function of Fermi energy in figure 3 . We find that I 11 and I 22 have the same value but with opposite sign. Actually, if we set V 1 = 0, V 2 = 0 or V 1 = 0, V 2 = 0 in (6), we will only get I 22 or I 11 which is due to the single parameter pumping effect. If the pumping system with single parameter V 1 (see the upper inset of figure 3 ) is symmetric to the system with single parameter V 2 (see the lower inset of figure 3 ) and the pumping driving forces have the same strength (let V 1 and V 2 have the same value), they will give the same pumped particle current but in opposite direction. We can also start from (7) and (10) to confirm it. By assuming L = R and H(i, j) = H(N + 1 − j, N + 1 − i) (N is the dimension of the Hamiltonian), we can get I 11 = −I 22 exactly. Second, we see that the pumped spin current is at the Fermi energies where the transmission coefficient has a very sharp peak. We have confirmed that the sharp peaks of transmission coefficient occur at energies where there are very large scattering total density of states (DOS), while the broad peaks are at energies characterized by small total DOS. The sharp transmission peaks are usually grouped in pairs where the spin pump current occurs. The results clearly show that the pumped spin current is assisted by the resonant energy levels. Third, to the second order of the pumping amplitudes, the pure spin current occurs for any Fermi energy so that the pure spin current can be obtained without tuning the Fermi energy. Fourth, for different Fermi energies, the pumped spin current can be driven either from the left lead to the right lead or vice versa depending on the system parameters. For parametric pumping, the external bias voltage is zero. Hence, the magnitude and the direction of the current are very sensitive to various parameters of the system such as potential landscape of the pump [63] , frequency of the driving force [42] , and Fermi energy of the leads [64] . Hence, the spin current reversal is a generic feature of the parametric pump. We wish to emphasize that what we have studied here is a non-adiabatic spin pump for a molecular device up to the second order in pumping amplitudes. Hence, the pumping amplitude should be small. Although the same frequency of the electric field and the magnetic field have been used, they are not necessarily the same. We also found that when the temperature is increased to 5 K the sharp peaks shown in figure 2 will become flat and the peak height will be about 13% of the original ones.
We now investigate the pumped spin current as a function of frequencies. In figure 4 , we plot the pumped spin current as a function of pumping frequency at different Fermi energies. First, let us examine figure 4(a) which is plotted at E f = −0.00615 eV so that E f is in line with one of the two pairing resonant levels at E 1 = −0.00768 eV and E 2 = −0.00615 eV (see the middle pairing levels of the inset of figure 2). We find that when the pumping frequency is smaller thanhω = 10 −5 eV, the pumped spin current increases almost linearly with the pumping frequency. In the nonlinear regime the spin current increases quickly with the frequency. After the spin current arrives at its maximum point athω = 1.7 × 10 −4 eV, it begins to decrease with frequency. We can clearly find another spin current peak with much smaller peak height at hω = 0.00154 eV and the difference between the E f and E 1 is also very close to the frequency (E f − E 1 = 0.00153 eV). This is clearly a photon-assisted process. The electron with energy E f emits a photon and leaves the system with energy E 1 . To confirm this picture, we carry out the calculation at E f = −0.00805 eV again and plot the data in figure 4(b) . There are two spin current peaks located athω E 1 − E f = 0.00037 eV andhω E 2 − E f = 0.00019 eV. It shows that the electron with energy E f absorbs a photon and is pumped out at the energy level E 1 or E 2 . The highest pumping frequency we used in figure 4 is of the order of THz. 6 For the parametric pumping, the previous experiments have been realized in the frequency regime 10 8 Hz [33] . It would be a challenge for experimentalist to reach the frequency in the THz regime for the parametric pumping. However, there do exist some ac experiments with frequencies that are close to THz. For instance, oscillation up to 712 GHz has been achieved in InAs/AlSb resonant tunnelling diodes [65] . For nano-structures, most recently Rosenblatt [66] has demonstrated a single-walled CNT transistor operated at frequencies up to 50 GHz. We note that in the highfrequency regime, the oscillating electric field can induce a magnetic field and vice versa. These induced electric and magnetic fields may affect our result. For the frequency regime and the
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Institute of Physics ⌽ DEUTSCHE PHYSIKALISCHE GESELLSCHAFT sample size we have studied here, we can reasonably neglect the induced electric field. 7 Another challenge for experimentalists would be to measure the pumped spin current. So far at least three methods are proposed in the literature. (i) The anomalous Hall effect [67] can be used to detect the spin current. In this method, a spin current polarized perpendicular to the 2DEG can lead to an anomalous Hall voltage across the sample [67] . (ii) One can also use spin current induced electric field [68] to get a spin signal. (iii) Recently, another method has been proposed and realized by Folk et al [69] using a gate-controlled bidirectional spin filter. With this technique, the measurement of spin current is experimentally feasible [69] . Finally, efficient spin injection from the 'spin battery' to the spin devices is also an important issue [70] .
To summarize, we have investigated the CNT-based molecular quantum spin pump at finite frequency up to the second order in pumping amplitude. Apart from the electric potential, the magnetic field is used as one of the driving forces. The pure spin current is obtained for a wide range of Fermi energy. By adjusting the Fermi energy, the spin current can switch its direction. The photon-assisted process is clearly seen as the driving frequency changes. It is confirmed that such a device may be used as one kind of spin battery. 7 To estimate the electromotive force ε generated by the time-dependent magnetic field, we use Faraday's law: ε = − ∂B ∂t · dS or ε ∼ πr 2 ωB, where r measures size of the region of the time-dependent magnetic field. If we take r ∼10 nm, B ∼1 T and ω ∼ 10 10 Hz, we find ε ∼ 1 µeV which is two orders of magnitude smaller than the pumping electric field we used.
